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ABSTRACT

In the paper we describe all (not necessarily commutative) Jordan algebra
structures on a two-dimensional vector space over R in terms of their
matrices of structure constants.
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1. Introduction

The classification problem of finite dimensional algebras is one of the im-
portant problems of algebra. Many authors have considered this problem for
different classes of two-dimensional algebras |Althoen and Hansen| (1992),
{thoen and Kugler| (1983), Bermudez et al|(2008) and |Goze and Remm (2017).
In |Petersson the problem is considered for all two-dimensional algebras
over any fields by a basis free (invariant) approach. Unlike the approach of
the same problem is considered in [Ahmed et al. (2017Db) by
the use of structure constants approach over algebraically closed fields. The
results of [Ahmed et al| (2017b) have been used in [Ahmed et al.| (2017a)) and
|Ahmed et al.| (2017¢) to classify two-dimensional (not necessarily commutative)
Jordan algebras and left (right) unital algebras over algebraically closed fields.
In the present paper we represent all possible (not necessarily commutative)
Jordan algebra structures on two-dimensional vector space over the field of
real numbers R. For some computations we used Computer Software Math-
ematica. The commutative case of two-dimensional real Jordan algebras and
a complete classification of all N-dimensional non-associative Jordan algebras
with (N — 3)-dimensional, (N — 2)-dimensional, (N — 1)-dimensional annihila-
tors over an algebraically closed field of characteristic # 2 have been given in
[Bermudez et al.| (2008]), Wallace| (1970) and Hegazi and Abdelwahab| (2017),
respectively.

2. Preliminaries

Let F be any field and A ® B stand for the Kronecker product of matrices
A and B over F.

Definition 2.1. A wvector space A over F with multiplication - : AR A — A
given by (u,v) — u- v such that

(au+pv)-w=a(u-w)+8(v-w), w-(au+pv)=a(w-u)+ 8(w-v)
whenever u,v,w € A and «a, 8 € F, is said to be an algebra.

Definition 2.2. Two algebras A and B are called isomorphic if there is an
invertible linear map f : A — B such that

f(u-av)="~£f(u) gf(v)

whenever u, v € A.

Let (A,-) be a m-dimensional algebra over F and e = (e1,ea,...,e,) be
its basis. Then the bilinear map - is represented by a matrix A = (Afj) €
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M (m x m?;F) as follows
u-v=cAlu®uv),

for u = eu,v = ev, where u = (u1,u2, ..., un)T, and v = (v1,v2, ..., )7 are
column coordinate vectors of u and v, respectively. The matrix A € M (m X
m?;F) defined above is called the matrix of structure constants (MSC) of A
with respect to the basis e. Further we assume that a basis e is fixed and we
do not make a difference between the algebra A and its MSC A.

If ¢’ = (e}, €, ..., el,) is another basis of A, ¢’g = e with g € G = GL(m;F),
and A’ is MSC of A with respect to €’ then it is known that A’ = gA(g—!)®2
holds (see |Ahmed et al.| (2017b))). Thus, we can reformulate the concept of

isomorphism of algebras as follows.

Definition 2.3. Two m-dimensional algebras A, B over F, given by their ma-
trices of structure constants A, B, are said to be isomorphic if there exists

g € GL(m;F) such that B = gA(g~1)®2.

Further we consider only the case m = 2, for the simplicity we use A =

( @1 Gz (3 Oy ) for MSC, where a1, az, as, a4, B, B2, B3, B4 stand for
Bi B2 Bz Pa

any elements of F (structure constants of A). We need the following classifica-
tion result from Bekbaev| (2017)).

Theorem 2.1. Any non-trivial 2-dimensional real algebra is isomorphic to only
one of the following algebras given by their matrices of structure constants:

[ o azt+l oy _ 4
Ay (c) = ( B —on —a1+1 —as ) , where ¢ = (a1, ag, a4, 81) € RY,

_ (651 0 0 1 _ 3
A2,T(C) - ﬂl 52 1— oy 0 > ) whe’re ﬁl 2 07 Cc= (alvﬂlaﬂQ) € R )

1 0 0 -1

gl BQ 1-— a1 0 ) ’ where Bl 2 0’ c= (a17ﬁ1a52) € R37

1 B2

a;p 0 0 0

0 B 1-a O>,wherec(a1,62)€R2,

o 0 0 0

Ayr(c) = (50 1 } 01 ), where ¢ = (B, f2) € R?,
( 1 20&171 17041 0

), where ¢ = a1 € R,
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_ (651 0 0 1 o 2
Az(c) = ( B l-a; —ay 0 ),where B1>0, ¢c=(a1,p1) € R?,

0 0

1 B ,
l—a; —a; 0 >,whereﬁ120,C—(a1,,31)eR,

/197T(c):(51 1 (1) _01 >, where ¢ = B € R,

a 0 0 O
0 1-— (651 — Q] 0

0 0 011 O
_% O)a AlQ,T—(l 0 0 _1)7

0 1 1 0 01 1 O
AlB,r(_l 00 _1>7 A14,T<O 00 _1>7A15,r<

3. Classification of 2-dimensional real Jordan
algebras

), where ¢ = a1 € R,

win O

— O

Recall that an algebra A is said to be a Jordan algebra if (u-v)-u? = u-(v-u?)
for all u,v € A. In terms of its MSC A of the algebra A the condition above is
written as follows:

(AARA) —AERAE®A)) (u®e;@ueu) =0, i=1,2, (1)

()= () (1) 2 (1)

If we rewrite the condition (|1} in terms of x, y and a1, as, as, ag, B1, B2, B3, Ba
and use the fact that x, y are free we obtain a system of equations with respect
to i, 2, (3, 04, ﬁh 627 637 54 as follows
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s — arasf — aafff + asfBife

31 — a3f1 + arauf + azfs — arasfs — 2045183 + o253

20201431 + auf3 — asasfBs — a3 — aufi3 — auf1fa + 2B

o3 B — azaufs + asfafs — asBsBs

287 + 183 — a1 1B — BifBa

—arasf + 2028182 — a1 83 + B3 + aifBs + B B3 — asPifs — a1 B3
+83 85 — a183 + o1 5184 — 2618354

—apasfy — 3B + auf1 P2 — asfi + araofs + arasfs — B + azfefs
—a3f283 — asf3 + 2021 84 + asP1Ba — o1 BaBs + 28384 — B384 — B15]
—azasfr + craafs — auBi + auPrBa — a3 fafs + asPBsfa + BBt — B33
—afas + afaz — a3 + craufi — anasfa — aafiPe + arasfs + asfBifa
—a103 + 20103 — afas — avaufr + azauf — o3P — asasfa — adfa+
o — aufs + azasfs 4 200483 — auPefs — anasfa + azfafa + o34
Q20 + a3 — 201000 — oy Be + anaufBs + 2a304 B3 — a3 By — sz Py
—adBs+ By — PP + B3

ajay —ajaf +aifs — azaufy

(2)

Therefore, the entries of MSC (structure constants) of a Jordan algebra A
must satisfy the system of equations . Using along with the results of
Theorem [2.1] we prove the next theorem.

Theorem 3.1. Any non-trivial Jordan algebra structure on a two-dimensional
vector space over the field of real numbers is isomorphic to only one of the
following pairwise non isomorphic algebras given by their matrices of structure
constants:

.Jl,TAQ,T(27O72)((% g g é),
A S AR St
.J3T—A3,’r(%7072):(% g g _01>7
onto- (550 )

o 0 0 0
J5ﬂ“(0‘1)—A5vr(a17_1+20‘1)_( 01 —14+2a1 —aq+1 0)’

wherealeRandalsél—lO@:I:\/g),
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_ —\ _ ([ @ 0 0 0
Jo,r(a1) = As r (al»\/al %)—( 0 m —oy 41 0),

where 0 < ay < 1,

_ _ — o) _ ([ X 0 0 0
J7,,(a1)_A5,T(a1, m)—( 0 —Var—a? —a;+1 o)’

where 0 < ay < 1,

°
&
“ﬂ
|
s
=]
=3
—~
sl=
—~
ot
+
S
S—
SN—"
|
VR
=
—
ot
+
S
S—
sy ©
-
o
o
N~

1 L(B-v5) 0
L0 0 o0
can=mo =49 0)
3 3
00 00
'J11,r—A15,r—<1 00 0)

Proof. To prove this theorem we solve the system of equations for all MSC
listed in Theorem 211

« a as +1 «
For Ay ,(a1,a9,a4,p1) = (Bi _;1 _51+1 _(;12

> the system of
equations becomes

—a1f1 —aroofy — oS =0

-1 + Oé% — 20100 + 30[%0&2 — ﬂl — 20[251 — 204451 =+ 30&10&451 =0
—1+4+ oy — 3as + 3ajas — 204% + 304104% —ay + 20004 + 304y =0
70&44’0&10[44‘0[10&20&44’0&251 =0

—a1B1 + 20361 + 20287 =0
—ay + 507 — 60} — B + 20061 — 6oy =0
—1+4a — 40} + 2000 — 6aias — B —dasfB — 6038 —asfi =0

—Qp Qg — 20[% — oy + 310y — 20&%0’4 —ayuf — 2020437 =0

20&% + oo — QOégﬂl + 20&10&4ﬂ1 =0

3aq + ag + Tagas + 60&10&% + 3oy — 6(1%0&4 ‘a4 =0
1+ 5as + 804% + 6a§’ + 204 — 2104 4 3y — baiany =

oy + 20004 + 204%044 + ai — 204104421 =0.

3)

Due to the equation 1 (of (3)) the following two cases occur:
Case 1. ay + ajas + a48; = 0. Then due to the equation 4 one has ay = 0, in
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particular —a; = ajas, and a; — 2a§ = 0. This implies that either ay = 0 or
ag = —1. In the both cases the equation 11 provides a contradiction. So in
Case 1 the system of equations is inconsistent.

Case 2. 81 = 0. Due to the equation 6 (of ) one has oy = 0 or § or #. In
a1 = 0 case the equation 7 provides a contradiction, in a; = % the equation
2 implies ap = —1 and the equation 4 implies ay = 0, but the equation 3
provides a contradiction. In a; = % case the equation 2 implies ap = —% and
the equation 4 implies ay = 0, but the equation 7 provides a contradiction. So
there is no Jordan algebra among A .

a1 0 0 1

For A27r(a1a1817/62) = ( Bl ﬁQ —Q1 +1 0

becomes

—B7 =0, —2B1+3a181 =0, —14+2a1 —ai+p5 =0, —a181+0aiB1+B16; =0,

) the system of equations

—a1+3ai =208 —a1 B+ 03 o+ B3 — 20185+ 55 =0, —f1+a1B1+B182 =0,
—1+3(X1—20&§ = O, a1ﬁ1—61ﬁ2 = 0, 2(11—3a§—ﬁ2+205152—ﬁ§ = O7 1—2041 =0.

Hence, one gets

1 1
ﬂlzo, 011:5 and ﬁgzii

and we obtain the following Jordan algebras

3 0 01 10 01
o=t o= (3 10 0) e G- (3 o 0
For A3,r(0417ﬂ1>62) = ( Zi 502 1—0a1 _01 ) the system of equations

becomes

Bi=0, 281 -3a1f1 =0, 1-201+af-F=0, —aifi+aifi+pips=0,
—a1+3af —20f —a1fo +ife+ B3 — 20185+ 05 =0, 1 —a1fi — BB =0,
1—30[1-’-20&%:0, —041514-5162:0, —2a1+3a%+52—2a1ﬁ2+ﬁ§:0, 1—2&1:0.
(4)
Due to the equations 1 and 3 in the system of equations we get
b1 =001 = %, then B = :t%, hence we obtain the following Jordan algebras

1 1
s 0 0 -1 s 0
JS,T = A?),r(%aoy %) = < (2) % % 0 > 3 J4,7‘ = AS,T(%7O7_%) = < (2) _%

V= O
o |

—_
~_

For A4, (B1,82) = ( ﬁ01 512 1 _01 ) the equation 11 of shows the

inconsistence of the system.
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For As (a1, 32) = (

is equivalent to

a; 0 0 0 .
0 By —ar+1 0 ) the system of equations |l

—aq +3ai —2af — a1fs + i Be + B85 — 20185 + B3 = 0.

So Bs may be equal only to —1 + 2a; or —\/a; —a} or /oy —a?. Taking

into account the fact that in ay = 0,1 cases \/a1 — a} = —\/a; —a? =0, in
ap = % (5 + \/5) cases —1 + 2ay is equal to one of £4/a; — a% one gets the
following Jordan algebras

o 0 0 0
J5ﬂ“(0‘1):A5v’“(0‘1’_1+2a1):( 01 —1+20; —og+1 0)’

wherealeRandal#l—lo@:I:\/g),
B —\ _ [ a1 0 0 0
‘]G’T(al)_A“(o‘l’Vo‘l al)‘( 0 Vai—a? —aj+1 0)’
where 0 < oy <1,

— _ —2) = M 0 0 X
.]7,7«(@1) = A5,r (alv m) - ( 0 —\/m —a1+1 0 ) ,

where 0 < ap < 1.

(651 0 0

For Ag (1) = L 2a1-1 —ay 41

8 ) the system of equations 1i

is equivalent to

1 —5a; +5af =0
and therefore one has the following Jordan algebras

Js,rAﬁm(llo(5\/5))<w(51_\/g) _0\/55 110(53'\/5) 8>7

0 0 0
— 1 — 10
JQ,T—AG,T(lo (5+\/5)) ( 1 % %0(5_\/3) 0 >
(651 0 0

For Az, (a1, 1) = ( B —a1+1 —m

equations

(1) ) we obtain the system of

B2 =0, 3018 =0, 1-203 =0, pB1—2a1p1+2a381 =0, 1-5a;+8ai—6a3 =0,
—203 =0, —B1+2mP1 =0, —1+4a;—6a?=0.

and evidently this system is inconsistent.
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It is easy to see that the structure constants of Ag (a1, 51)) = ( (;1 1 Oa (; _01 )
1 —ap —o

and Ag . (61) = ( 501 } (1) _01 ) from Theorem do not satisfy the sys-
tem of equations .

For Ajg,(a1) = ( 0(4)1 1—0041 7?]1 8 ) the system of equations is
equivalent to

1 —5a; + 8af — 6a3 =0,

and therefore ay = %, and one gets Jordan algebra
1 10 0 0
= - — 3
Jio,r = Ato,r <3) ( 02 1 o)

It is easy to see that the structure constants of the algebras A1, Ai2,, A13r, A1ar
from the list of Theorem also do not satisfy the system of equations hence
they also are not Jordan algebras. The algebra A;s5, = < ? 8 8 8 ) is a
Jordan algebra. O

Note that the derivation algebras and the automorphism groups the above
presented algebras have been given in [Ahmed et al.| (2018]). Let us specify
unital algebras among the algebras listed in Theorem

Definition 3.1. An element 1 (1g) of an algebra A is called a left (respec-
tively, right) unit if 11, - u = u (respectively, u-1g = u) for all u € A. An
algebra with the left(right) unit element is said to be left(right) unital algebra,
respectively.

Now we can describe, up to isomorphism, all two-dimensional left(right)
unital real Jordan algebras. To do this it is enough to compare the list of alge-
bras from Theorem with that of |[Ahmed et al.|(2017c|). The final result we
give as a table as follows.
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Algebra

Algebra

[t
=

Jl,r = A2,7‘(%7 Ou %)

Jl,'r = AQ,’I”(%? 07

2)

JB,T = AS,T(%? Oa %)

JQ,T = AQ,T‘(%? Oa 7%)

JS,r(l) = A5,7'<1a 1) <

>,whereteR

J3,T' = A3,7'(%a 07

2)

JG,’I"(%) = A5,T(%7 %)

(o)

L N N N
OO NO NO N
N N N N

J57r(%) = As T(an) ? ) , where t € R
2
Jﬁﬂ“(%) _A5,r(%a%) 0

NN

)

A Jordan algebra A is said to be commutative if u-v = v - u whenever
u,v € A. From the result presented above one can easily derive the following
classification result on commutative Jordan algebras.

Corollary 3.1. Any mon-trivial commutative Jordan algebra structure on a
two-dimensional real vector space is isomorphic to only one of the following
pairwise non isomorphic commutative Jordan algebras:

1001

chr—< 2 )a J2c,7‘
0+ L0
1 0 0 O

J4c,’r_ < 0 O 0 O )7J5C,T_(

g

[en) I

0

i 0 00 > (
2 3 J6c,r =
3 30

0 0 —1)
>J3c,r:
3 3 0

2000
0+ 20
0000
100 0)

Remark 3.1. One of the nearest class of algebras to the class of Jordan alge-

bras is the class of power-associative algebras. The power-associativity of an al-
gebra A means that any subalgebra of A generated by a single element is associa-

tive. The description of all two-dimensional power associative real Jordan alge-

bras has been given in| Wallace (1970) as follows: Ay, As, A3, A(0), B1, Ba, Bs, By, Bs,
where o € R (note that the algebra Ay in this list is extra since it can be given

as Ay = A(0)). They can be found in the list of Theorem[3.1] as follows:

Ay is the trivial algebra, Az = (

A(o)

(%

296

140 0 0 O

1 o 0

) ~ gy (),

0 0
1

0 )= ah)
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AR = Jiogr, AT = Jg, (31Y5),

Note that the algebras A(1), By, Ba, Bs, By, Bs from the list above are com-
mutative and they are identified with the algebras

JSc,r; JGCJ‘, J4c77‘7 ch,m J2c,r7 JSC,T
from Corollary[3-1]

Comparing the results of the present paper and that of | Wallace| (1970) we
conclude that

1 5+5

Jory Jar, Jor(ar), where 0 <ay <1 and ag # 310

5—4/5
J7r(a1), where 0 < aq <1 and oy # 170\[
is a list of representatives of two-dimensional non power-associative Jordan

algebras.

) J8,7“7 JQ,T-

0 0 0O
0 010
dimensional Jordan algebra which is not power associative over any field F.

Note that the algebra with MSC ( > is an example of two-

Remark 3.2. The description of two-dimensional (nontrivial) commutative

Jordan algebras has been given in|Bermidez et al.| (2008) as follows 1o, 1, e, 3,4, ¥5.
There are the following isomorphisms between the algebras listed in Corollary

and that of | Bermaidez et al.| (2008).

ch,r = 7/}07 J2c,r = 1;[}57 J3c,r = 1;[}4; J4c,r = 7;[}2; JSC,T = 7/11, Jﬁc,r = 7/}3-
3.1 Appendix
For the sake of completeness we present here, without proof, the description

of two-dimensional Jordan algebras over any algebraically closed fields. The
detailed proof has been given in|Ahmed et al.| (2017a)).
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Theorem 3.2. Any nontrivial Jordan algebra structure on a two-dimensional
vector space over an algebraically closed field F (Char(F) # 2,3 and 5) is
isomorphic to only one of the following pairwise non isomorphic Jordan algebras

listed by their matrices of structure constants, where i € F such that i> = —1:
o Ji=45(5.0,3%) (5001>
1= 4A2(5,Y,5) = 1 1 )
e 03 30
1
s 0 0 1
1 1
.J2_A2(27072)_((2) _% % 0)7

Q 0 0 0
0 71%’2041 70414’1 0 ’
wherealeFandalsé%o(E):I:\/g),
B —\ _ [ a1 0 0 0
* Jalen) = As (e, 0‘1)—( 0 Var—a? —m+1 0)’

where a; € F,

« 0 0 0
oJ5(a1)2A4(a1,—m):< 0 V- —ai+1 o)’

where oy € F and a1 # 0,1,

=

. Jg(al) = A4(Oél,—1 +2a1) =

N

H5(B-Vv5) 0 0 0
L f h6vE) o)

-J7:As<fo<5+¢5>>=(fo<5”5) o 0),
0

Accordingly, for the cases of F with Char(F) = 2,3 and 5 one has the
following results.
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Theorem 3.3. Any nontrivial Jordan algebra structure on a two-dimensional
vector space over an algebraically closed field F (Char(F) = 2) is isomorphic
to only one of the following pairwise non isomorphic Jordan algebras listed by
their matrices of structure constants:

o O

Ji2 = A32(0,0) = ( (1) 1 (1) > , where B; € F,

1 0 0 0
1 0[1+1 0

0 0 0
J3,2(1) A42(0417\/041+041) ( Jar+aZ ar+1 0 )’

where a; € F and o + a; +1 # 0,

o Joo(a1) = Asz(ar, 1 ) , where ay € F,

ar 0 0 0
1 1 0&1+1 0

[ )
N
o

\

b
o

o

Q
\

Il

N

>,whe7"ea1€F anda%JralJr

°
S
[\v)
|
o
oo
[NV}
—~
i
S~—
1
oo -~ N
S =
oo
— o
N———

°
&
[\v]
|
b
fln
e
[\v]
I
7N

1

0

0 0

0 0 )"
Theorem 3.4. Any nontrivial Jordan algebra structure on a two-dimensional
vector space over an algebraically closed field F (Char(F) = 3) is isomorphic

to only one of the following pairwise non isomorphic Jordan algebras listed by
their matrices of structure constants, where i € F such that i> = —1:

o Jro=Ao = (

-1 0 0 1
J1,3 = A2,3(_1707 1) = < 0 1 -1 0 ) )

0 0 1
Joz = Az3(—1,0,— )-( 0 -1 -1 0)

0 0
J33=Ass(a1,—1—aq) < ) ,

—1—0(1 —a1+1 0
where a1 € F and ay # —1 + 1,

0 0 0
=4 ( - 2); au
s =Aas (oo —ad) =g o g )
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B - —\ [ ™ 0 0 0
Jog = A (o, m)—( 0 —on—o? —a;+1 0)’

where oy € F and a1 # 0,1,

-1+¢ 0 0 0
1 - —1—3 0 )’

Jo,3 = As3(—1+41i) =

. 142
Jgz = Agz(—1+1i) = u 0 00 > ;

0 —1—-% 1—-2¢ O

Jos=Asa(=1=i) =" "o 14y 144 0

. ~1-4i 0 0 0
ﬁﬁz%dq‘”:( 1Z¢ 4+i0>’

—1—4 0 0 0>

0O 1 1 O
J10,3—A10,3—(0 0 0 _1),

0 0 0 O
°J11,3—A12,3—(1 0 0 O)'

Theorem 3.5. Any nontrivial Jordan algebra structure on a two-dimensional
vector space over an algebraically closed field F (Char(F) = 5) is isomorphic
to only one of the following pairwise non isomorphic Jordan algebras listed by
their matrices of structure constants, where i € F such that i2 = —1 :

0 01
cna=ao - (510 1),
1
10 01
0J2,5A2(%7075)<8 B 0>,
o 0 0 0
°J3,5=A4(O‘17_1+2“1):( 01 1420 —ap+1 0)’

_ — 2\ _ ([« 0 0 0
J4)5_A4(a1,\/a17041)—< 0 Vai—a@ —a;+1 0>7

_ _ — 2\ _ [ ™ 0 0 0
J575 = A4 (041, m) - < 0 _m —a1+1 0 ) ’

[ ]
where ay # 0,1,
L0 0 o0
cns=a®=(§ ¢ o).
3 3
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1 4
; 110 0 0
sramwG-9-(T00 0 L% 1)
1 7
T4io 0 0 0
OJss—Ag(—ﬁ-;):(zO 10 1 i 0),
2 2 2 2
1 1
10 0 0 -1 0 00
'J9v5:A9:<i 2’10>:(12 —110)’
3 3 2

0 0 0 O
J10,5=A12=(1 0 0 O)'

From the results presented above one can easily derive the following classi-
fication results on commutative Jordan algebras.

Corollary 3.2. Any nontrivial commutative Jordan algebra structure on a two-
dimensional vector space over an algebraically closed field F of characteristic
not 2 and 3 is isomorphic to only one of the following pairwise non isomorphic

Jordan algebras listed by MSC:
0 10 00
0)“’30_(0 00 0)7

1

0)7J202<
0 0

)’J5c_<1 0 0 0)'

Corollary 3.3. Any nontrivial commutative Jordan algebra structure on a two-
dimensional vector space over an algebraically closed field F of characteristic 2
is isomorphic to only one of the following pairwise non isomorphic commutative

Jordan algebras listed by MSC:

pi= O NI O
o ovro
O owiv
Cuwm o
W= O

1 000 00 00 0110
ez =1\ o o 0)"]20’2_(0 11 0>"]3672_<0 0 0 1)’
000 0
J4C’2<1 0 0 0)'

Corollary 3.4. Any nontrivial commutative Jordan algebra structure on a two-
dimensional vector space over an algebraically closed field F of characteristic 3
is isomorphic to only one of the following pairwise non isomorphic commutative

Jordan algebras listed by MSC:
0 0 Je o -1 0 0
00) @3~ 0 -1 -1

-1 0 0 1
J1c,3< 0 -1 -1 0)7J2c,3<

01 1 0 0 0
J4C,3_(0 O 0 _1>7J5C,3_(1 O
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